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Abstract

We present a sharp interface method for computing incompressible immiscible two-phase flows. It couples the level-set
and volume-of-fluid techniques and retains their advantages while overcoming their weaknesses. It is stable and robust
even for large density and viscosity ratios on the order of 1000 to 1. The numerical method is an extension of the sec-
ond-order method presented by Sussman [M. Sussman, A second order coupled levelset and volume of fluid method
for computing growth and collapse of vapor bubbles, Journal of Computational Physics 187 (2003) 110-136] in which
the previous method treated the gas pressure as spatially constant and the present method treats the gas as a second incom-
pressible fluid. The new method yields solutions in the zero gas density limit which are comparable in accuracy to the
method in which the gas pressure was treated as spatially constant. This improvement in accuracy allows one to compute
accurate solutions on relatively coarse grids, thereby providing a speed-up over continuum or “ghost-fluid” methods.
© 2006 Elsevier Inc. All rights reserved.
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1. Introduction

Efficient and accurate computation of incompressible two-phase flow problems has enormous value in
numerous scientific and industrial applications. Applications include ship hydrodynamics, viscoelastic free
surface flows, and liquid jets [10,14,15,48,36]. Current methods for the “robust”computation of immiscible
two-phase flows [51,50,9,53,32,26,20,18] are all essentially spatially first-order accurate as the treatment of
the interfacial jump conditions constrains the overall accuracy to first-order. Robustness is defined in terms
of the ability of a numerical method to stably handle wide ranges of physical and geometrical parameters.
We note that Hellenbrook et al. [21] developed a formally second-order level set method for two-phase flows,
but the applications did not include large density ratios, surface tension, or complex geometries. It is unlikely
that a straightforward application is possible to flow configurations with such wide parameter ranges. We also
note that Ye et al. [60] presented a second-order Cartesian grid/front tracking method for two-phase flows, but
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their results did not include complex geometries. Yang and Prosperetti [57] presented a second-order bound-
ary-fitted tracking method for “‘single-phase” (free boundary problem) flows, but similarly as with Ye et al.
[60], their results did not include complex geometries.

Although the formal order of accuracy of continuum approaches [53,9,51,38,29] or ghost-fluid approaches
[26,28] is second-order, numerical dissipation at the free surface reduces the order to first-order. We propose a
new method which extends the functionality of the method discussed in [45] from single-phase (pressure
assumed spatially constant in the air) to multiphase (gas solution assumed incompressible). The resulting
matrix system(s) are symmetric, guaranteeing robustness of the method, and are capable of stably handling
wide parameter ranges (e.g. density ratio 1000:1, large Reynolds number) and geometries (e.g. topological
merging and breaking). The method is consistent in that it captures the limiting cases of zero gas density
and linear slip lines. Specifically, the present method reduces to the single fluid method [45] in the limit that
the gas density and gas viscosity approach zero (i.e. the numerical solution of the gas phase approaches the
condition of spatially constant pressure as the gas density approaches zero). The present method provides
additional functionality over single fluid methods since one can accurately compute bubble entrainment, bub-
ble formation, effect of wind on water, liquid jets, etc. Further, we demonstrate that the present method pro-
vides improved accuracy over existing two-fluid methods for a given grid, and provides a speed-up over
existing methods for a given accuracy, as we can robustly compute flows on coarser meshes.

2. Governing equations

We consider the incompressible flows of two immiscible fluids (such as liquid/liquid or liquid/gas), gov-
erned by the Navier—Stokes equations:

DU
Pp, =V (=Pl +2uD) + pgt
V-U=0

where U is the velocity vector, p is the density, p is the pressure, u is the coefficient of viscosity, g is the gravity,
I is the unit tensor, Z is the unit vector in the vertical direction, and D is the deformation tensor defined by

YU+ (VU)'
2
At the interface, I', separating the two fluids, we have the normal continuity condition for velocity,
[U-n=U"-n—U° n=0
we also have the tangential continuity condition for velocity (if viscous effects are present),
[U]=0
and the jump condition for stress,
[n-(—pl +2uD) - n] = ok

D

where n is the unit normal to the interface, o is the coefficient of surface tension and x is the local curvature.
Following the derivation in [12], we can rewrite the preceding governing equations in terms of the following
equations based on the level set function ¢. In other words, analytical solutions to the following level set equa-
tions are also solutions to the original governing Navier—Stokes equations for two-phase flow. Our resulting
numerical method will be based on the level set formulation.
If one defines the interface I" as the zero level set of a smooth level set function, ¢, then the resulting equa-
tions are:

DU
pE:V.(—pI—FZuD)—i—pg%—GKVH (1)
V-U=0
Dé_, (2)

Dt
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p=pLH(P) + pg(1 — H(¢P))
p=p H(P) + pug(1 — H(¢))
V¢

K(d’)zv'w 3)
(1, ¢330
mo={y o2, )

3. CLSVOF free surface representation

The free surface is represented by a “coupled level set and volume-of-fluid” (CLSVOF) method [50]. In
addition to solving the level set equation (2), we also solve the following equation for the volume-of-fluid func-
tion F,

DF

(5) is equivalent to
F,+V-(UF)=(V-UF
Since V- U =0, we have
F,+V-(UF)=0 (6)

At t =0, Fis initialized in each computational cell Q;,

Qi ={(, )i <x<xp and y, <y <y}

as,
&
Fy=—— | H(d(x,y,0))dxd
7 AXA)/ . (d)( Yy )) Ly

Here, Ax =x;41 — x;and Ay =y, — yi.
The reasons why we couple the level set method to the volume-of-fluid method are as follows:

o If one discretizes the level set equation (2), even in conservation form, the volume enclosed by the zero level
set will not be conserved. This problem has been addressed by implementing global mass fixes [12], aug-
menting the level set equation by advecting massless particles [16,24], implementing adaptive mesh refine-
ment techniques [43,47], and by implementing high order “spectral” methods [49,30]. In this paper, we
preserve mass by coupling the level set method to the volume-of-fluid method [8,50,58]; effectively, by cou-
pling the two, we are implementing a “local” mass fix instead of a “global” mass fix. The volume-of-fluid
function F'is used to “correct’ the mass enclosed by the zero level set of ¢ during the level set redistancing
step (see Fig. 1).

e If one uses only the volume-of-fluid function F to represent the interface separating air and water, then one
must be able to accurately extract the normal and curvature from F. Also, small pieces of volume might
separate from the free surface which can pollute the solution for the velocity. Modern volume-of-fluid
methods have addressed these problems [33,22,18] using second-order slope reconstruction techniques
and calculating the curvature either from a “height fraction” or from a temporary level set function.
The level set function in our implementation is used for calculating the interface normal and is used for
calculating density and viscosity used by the Navier—Stokes equation. The level set function is not used
for calculating the interface curvature; instead we use the volume-of-fluid function.

To clarify what information we extract from the level set function ¢, and what information we extract from
the volume-of-fluid function F, we have:
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Fig. 1. After each time step, the level set function ¢ is reinitialized as the closest distance to the piecewise linear reconstructed interface.

The linear reconstruction encloses the volume given by F with its slope given by n = %. In this diagram, the shaded area fraction is F; ;1 1,
the distance from point x;;; ;_; to the closest point becomes the new value of ¢;4 ;.

e The normals used in the volume-of-fluid reconstruction step are determined from the level set function (see
e.g. Fig. 2).

e The “height fraction” (see Section 5.3) and velocity extrapolation calculations (see Section 5.6) both depend
on the level set function. Therefore, cells in which F is very close to either 0 or 1 will not directly effect the
accuracy of the solution to the momentum equations.

e The volume fractions are used, together with the slopes from the level set function, to construct a “volume-

preserving’’ distance function along with providing “closest point’ information to the zero level set (see
Fig. 1).

(i,j+1/2)

|\

\
(i-1/2,j)

(i+1/2.)

(1,j-1/2)

AX

Fig. 2. In order to calculate the volume-of-fluid flux, Fy,/ ;, one must first find the linear coupled level set and volume-of-fluid
reconstructed interface. The flux across a face becomes the volume fraction of overall volume that is advected across a face. For this

illustration, Fy.1/; = %.
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e The volume fractions are used to express the interfacial curvature to second-order accuracy (see Section
A.2). We do not use the level set function for finding the curvature because our level set reinitialization step
is only second-order accurate; the curvature as computed from the level set function will not provide the
second-order accuracy that is provided directly from the volume fractions.

We observe that there are possibly more accurate representations of the interface [49,41,16,4,3,40]. How-
ever, it must be noted that the accuracy of the computations is limited by the order of accuracy of the treat-
ment of the interfacial boundary conditions and not by the accuracy of the interface representation. Even if
the interface representation is exact, if the velocity used to advance the interface is low order accurate, then the
overall accuracy is constrained by the accuracy at which the velocity field (specifically, the velocity field at the
interface) is computed. Our results in Sections 6.3 and 6.4 support this hypothesis. We demonstrate second-
order accuracy for interfacial flows in which only first-order methods have been previously applied. We also
show that we conserve mass to a fraction of a percent in our computations (e.g. largest mass fluctuation on
coarsest grid in Section 6.3 was 0.08%).

When implementing the CLSVOF method, the discrete level set function ¢, and discrete volume fraction
function F7; are located at cell centers. The motion of the free surface is determined by the face centered veloc-
ities, u;y1/2; and v; j+1/2, which are derived from the momentum equation. A scalar quantity with the subscript
ij implies that the quantity lives at the cell center (x; ),

xi=xp0+ (i+1/2)Ax
yi=yo+(+1/2)Ay

A scalar quantity with the subscript i + 1/2,j implies that the quantity lives at the right face center of cell i,
Xip1p =xp0 + i+ 1)Ax
yi =Y+ (U+1/2)Ay

A scalar quantity with the subscript i,j + 1/2 implies that the quantity lives at the top face center of cell ij,
xi=xp+ (i+1/2)Ax
Vieip =Y+ (+ DAy

A vector quantity with the subscript i + 1/2,; implies that the first component lives at the right face center of a
cell, (x;+1/2,);), and that the second component lives at the top face center of a cell, (x;, yj+1/2). A diagram illus-
trating where our discrete variables live is shown in Fig. 3.

The discrete face centered velocity field is assumed to satisfy the discrete continuity condition at every point
in the liquid (¢; = 0):
Uil —UWiLl; Uil —

Ax Ay

To integrate the solution for both the level set function ¢ and the volume-of-fluid function F, we first simul-
taneously solve (6) and (2). Then, we reinitialize ¢ by constructing a distance function that shares the same
enclosed volume as determined from F, and the same slopes as determined from ¢.

Both the level set equation and the volume-of-fluid equation are discretized in time using second-order
“Strang splitting” [44] where for one time step we sweep in the x direction then the y direction, then for
the next time step, we sweep in the y direction, then the x direction. Assuming that the advective velocity
is independent of time, this procedure is equivalent to solving for the x direction terms for Az time, solving
y direction terms for 2A¢ time, then solving for the x direction terms again for Az time.

The spatial operators are split, where one alternates between sweeping in the x direction:

D; . 1

=0 (7)

(Divl), =

Fz*j - FZ n ”i+1/2~jF:'1+1/2‘j - ”ifl/Zﬁsz'Ll/zlj Uitl/2) — Ui-1)2,)
At Ax Ax

¢; - ¢:} I “i+1/2,/¢?+1/2,j - “ifl/z-,./d’;ll/z,j = ¢ Uir1)2) — Ui—1/2
At Ax Y Ax

J— 1k
- Fi/'
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Fig. 3. Cell centered quantities, ¢;;, F;, p;, live at the cell locations (i), (i + 1,/), (i,j + 1), etc. The horizontal MAC velocity, u;; /> ;, lives
at the vertical face centroids, (i — 1/2,j), (i + 1/2,)), etc. The vertical MAC velocity, v; ;117> lives at the horizontal face centroids, (i,j — 1/2),

(i,j+ 1/2), etc.

and in the y direction:

ij Vijy1/2 — Vij-1)2

n+1 * * *
Fim = Fy  vignpliiap —vigapli g, o
+ =1y

At Ay Ay )
n+1 * * %
¢ij+ - ¢ij n Ui>/+1/2¢i7j+1/2 - ”i~j71/2¢t.,,/71/2 _ d’f Vij+1/2 — Vij-1)2
At Ay Y Ay

The volume-of-fluid fluxes, Fii/; and F; /2, are calculated as the fraction of liquid fluid to the overall fluid
that is advected across a given cell face during a timestep (see Fig. 2). The level set fluxes, ¢;11/2; and ¢; ;11,2
are calculated by extrapolating the level set function in space and time to get a time-centered flux at given cell
faces. Details are presented in [50,45].

If we add 8 to 9, then we have,

Fz"le - FZ n ”i+1/2~jF:"+1/2,j - ”f71/2,jF:"—1/2<;‘ i Ui~j+1/2F;j+l/2 - "iAj71/2F:,‘—1/2
At Ax Ay

g [(UWir12 — Uiy Vigr1/2 — Uijo1)2

=F ,.]( Ax + Ay ) (10)
If the right hand side of (10) is zero, then F shall be conserved since the left hand side of (10) is written in
conservation form. In other words, if the discrete divergence free condition (7) is satisfied, then we have mass
conservation. A key distinction between the two-phase algorithm we present here and previous sharp interface
methods is that solutions derived from our method will approach the solutions of the corresponding one-phase
method in the limit that the vapor is assumed to have uniform pressure. In order to achieve this goal, we
implement a liquid velocity extrapolation procedure in which we extrapolate the liquid velocities into the
gas (therefore, we shall store two separate velocity fields). The extrapolated liquid velocity may not satisfy
(7) in vapor cells (¢; <0). In order to maintain conservation of F, we have the additional step,

n+1 _ pntl o [ Wit1/2; — Uiz1/2,; | Vij+1/2 — Vij—1)2
FU _FU. —AtFU.< Ax + Ay > (11)

The resulting advection procedure for F now becomes,

n+1 n n . n . * o *
Fi" = F i ”i+l/2a/'Fi+1/2,j ”1—1/2,/Fi71/24' i UI<A/+1/2Fi,j+1/2 01,1—1/2Fi,j71/2 .

0
At Ax Ay
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We remark that in [45], we required that Eq. (7) hold in both liquid cells (¢;; > 0) and extrapolated cells; this
requirement necessitated an ““extrapolation projection’ step. In this work, we relax this condition and instead
use (11).

4. Temporal discretization: Crank—Nicolson/TVD Runge—Kutta, projection method

Our temporal discretization procedure for approximating Eq. (1) is based on a combination of the Crank—
Nicolson projection procedure (see e.g. [5,6]) for the viscous terms and the second-order TVD preserving
Runge—Kutta procedure [42] for the nonlinear advective terms.

Our method follows loosely the outline below:

Sweep 1

G(Un) + G(Un-H,(O))

Um0 — U NF(U) + At — AtGrad P" (12)
Sweep 2
G(U" G Un+1,(1)
U — g 4 AtF(U”*l"(O)) + At (U") + G ) — AtGrad P!
» Um0 ) (13)
Ut =
2

where F corresponds to the nonlinear advective terms, G corresponds to the viscous terms and Grad P
corresponds to the pressure gradient term. To be more specific, we describe one sweep of our method be-
low.

Prior to each timestep we are given a liquid velocity, U™", and a total velocity U”". The main distinction
between our method and previous sharp interface methods is that we store U~ in addition to storing U".
In a given time step, immediately after solving for U""!, we construct U~""!,

L Uit1)2, ¢y =00r ¢y =0
ui+1/2Aj = extrapolate

12y otherwise

In other words, U™ corresponds to U except on gas faces, where we replace the gas velocity in U™ with the
extrapolated liquid velocity. U™ is then used to calculate the nonlinear advective terms in the liquid, and also
used to advance the free surface.

Prior to each time step, we are also given a ““live pressure gradient™,

H n
Grad P~ (M)

P

a level set function, ¢", and a volume-of-fluid function, F". The “live pressure gradient”, level set function, and
volume-of-fluid function are stored at cell centers. The velocity is stored at both cell centers and face-centers.
As previously noted in Section 3, the subscript ij refers to the center of a computational cell, the subscript
i+ 1/2,j refers to the right face center of a cell, and the subscript i,j + 1/2 refers to the top face center of a
cell. A vector quantity with the subscript i + 1/2,j implies that the first component lives at the right face center
of a cell and the second component lives at the top face center of a cell.

A representative outline of one sweep of our (two-phase) method follows.

Step 1. CLSVOF [50,45] interface advection:
qs?jﬂ = ¢lnj - AI[UL . V(tb]ij

n+1 __ pn L
FiHl = F1 — AU" - VF],

17
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Step 2. Calculate (cell centered) advective force terms:

L __ L Lyn
'Q{ij_[U -VU L‘j

Details for the calculation of these terms are presented in Section 5.1 below.

Step 3. Calculate (cell centered, semi-implicit) viscous forces:

U, ¢,;<0

L

L.n
m:{UU ¢y >0
ij

oy ¢; <0
)P ¢; =0
v b ¢; <0
U:;. — U;’j
At

1 L5+
=~/ + gt — Grad P + — ———

pz/

The discrete operator ¢ is a second-order approximation to V- 2uD (see Section 5.4).

Step 4. Interpolate cell centered forces to face centered forces:

1
&/}H/z,j = B (&/hl,j + J?/ZL/)

—_—

A i == (i + Aiy)

L
Aiap; Py =00 ¢y ; =0

A ir1)2) = o herwi
i1, Otherwise

— A

$i+l/2,j:_($:-(j+$:lj+$* +20 )

4 i+1,j i+1,j

L.n
o UL p, ¢ =00r¢,,,;,>0
i+1/2) — n :

Ui, ), otherwise

n 2 okVH .
Vo= Uit 5] e)
i+l i, i J

See Section 5.2 for steps to discretize the surface tension force %GKVH .

Step 5. Implicit pressure projection step:

Vv
v._y.y
p

16)
Vp (
Ulr_lJrl = V _ |:_:|

T P livij2y
Section 5.5 provides the spatial discretization associated with the implicit pressure projection step. We

solve the resulting linear system using the multigrid preconditioned conjugate gradient method
(MGPCG) [52].

Step 6. Liquid velocity extrapolation; assign U-""} = Uf:ll/zj and then extrapolate U~""} into the gas region

i+1/2. i+1/2,j

(see Section 5.6).

Step 7. Interpolate face centered velocity to cell centered velocity:

1
L.n+1 Ln+1 Ln+1
Ui.i = 2 (Ui+l/2,j + Ui—l/ZAj)

1
n+1 n+1 n+1
Uij+ = B (Ui++1/2,j + U[:rl/ZAj)
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Step 8. Update the cell centered “live” pressure gradient term,

* n+1

U.-U"
n+l U Y 7
GradP|" = — T Grad P},
Often in this paper, we shall compare the “two-phase” algorithm just described, to the corresponding

“one-phase” algorithm. So, in the appendix (Section A.l) we describe the “one-phase” equations and
algorithm.

Remarks:

e At the very first time step, we initialize
Grad P’ = Grad P’¥ =0

then we do five iterations of the Crank—Nicolson/Runge-Kutta procedure ((12) and (13)) in order to ini-
tialize an appropriate cell centered pressure gradient,

Grad P’ = Grad P°®

We have found empirically that the cell centered pressure gradient term sufficiently converges after 5
sweeps. For example, for the very first time step for the problem of the break-up of a cylindrical jet due
to surface tension (Section 6.5), the relative error in the magnitude of Grad P°® is 0.0008.

If “Step 6 (velocity extrapolation) is ignored, then our method corresponds in spirit to the sharp interface

“ghost-fluid” approach described in [26,28]. This is because, without velocity extrapolation, U = U. In this

case, when U" = U, the main difference separating our approach from previous sharp interface methods

[26,28] is that we treat the viscosity jump conditions implicitly; therefore we have no time step constraints

associated with viscosity. We shall label this method, where liquid velocity extrapolation is ignored, as the

“semi-implicit ghost-fluid method”.

o If “Step 6 (velocity extrapolation) is not ignored, then our method has the property that, for the limiting
case of zero gas density and zero gas viscosity, our two-phase method is discretely equivalent to the second-
order “one-phase” approach [45] in which gas pressure is treated as spatially uniform; Section A.1 gives a
review of the “one-phase” approach.

5. Spatial discretization
5.1. Nonlinear advective terms

The term,
(U : VU)ij
1s discretized as

CMiy1ja i Hie1/2 + v”f’,,‘/u/z*f’,,}/ 1/2
i

Y Ax Ay
Vit1/2=Vi-1/2, Ui j1/2=Vij-1/2
MU Ax + Uij Ay

The quantities #y1/2j, Uiv1/2,> ij+1/2 and b 41/, are constructed from the cell centered velocity field Uj; using
upwind and slope-limited differencing; e.g.

1 .
B Uij + Euy‘,-j if Uij+1/2 >0
Ujjr1/2 = 1 .

ui,j_*_] — Euy’i,j_*_l lf Ui,j+1/2 < O

The slopes u, ; are computed using second-order Van Leer slope limiting [54],

T {Smin(2|u,-i,-+1 — il 2wy — wija],5 i — wiga|) if s >0
Vi

0 otherwise
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where
S = sign(u,-ﬁ] — M,"j,1)
and

s = (i1 — i) (Ui — uij1)

5.2. Surface tension force

In this section, we describe the discretization of the face centered surface tension term,

O-KH“I/ZJ(VH)HI/Z,]'

Piv1/2,j
which is found in Eq. (15).
The discretization of the face centered surface tension term at the face center, (i + 1/2,/), is written as,
H(Pi1,,)—H (¢i)

OKit1/2, Ax (17)
Piv1/2
where
1 ¢=0
) - {
0 ¢<0

and
Piv1)2j = pL0i1/2, + p(l— 9t+1/2=/)

The discretization of the height fraction, 01/, is given in Section 5.3 (also see [19,28]).

The curvature x;11/>; is computed with second-order accuracy directly from the volume fractions as
described in Section A.2.

Our treatment of surface tension can be approached from two different perspectives: (1) the surface tension
term is derived in order to enforce the pressure jump condition as with the ghost-fluid approach [26,28]; (2) the
inclusion of the surface tension term (17) as a force term in the momentum equation (15) is equivalent to pre-
scribing the second-order Dirichlet pressure condition of surface tension (39) that would occur if the gas pres-
sure was treated as spatially constant and the gas was assumed to be a “void” (pg = 0).

5.2.1. “Ghost-fluid” perspective for the surface tension term

Here we give the “ghost-fluid” [26] derivation of the surface tension term for the inviscid Euler’s equations.
Without loss of generality, we consider a free surface that is vertically oriented between cells (i,/) and (i + 1,)),
at the location (x;+; — 0Ax,y;), with liquid on the right and gas on the left (see Fig. 4). At the face separating
cells (i,j) and (i + 1,), the updated velocity is given by,

+1 *
Uiy = Wiy _ \Y
At pt
+1 *
Wi~ Uiy _ Vp©
At pS

The continuity condition requires that,
e vp©
7{ n— % n
p p
and the pressure jump condition requires that,

pr—p; = —ox ()
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Gas Liquid

(i) (i+1)2,j) (i+1,j)

Ay O O EF-©

Fig. 4. “Ghost-fluid” treatment for vertical interface with liquid on the right and gas on the left. p;, ;is the liquid pressure at cell (i + 1,/)
and p,; is the gas pressure at cell (i,). p} is the liquid pressure on interface I and p{ is the gas pressure on interface 1. OAx is the distance
from the interface, 7, to the liquid cell (i + 1,).

where the gas and liquid pressure on the free surface are p¥ and pF, respectively. As a result of discretizing (18),
one has,
Piy —Pr _ PP Py (20)
pLOAx pS(1 — 0)Ax
After one solves (19) and (20) for pF and p¥, and substitutes the results back into the liquid and gas pressure
gradients, one has,

ntl o« Pis1,j~Pij Hip1j—Hij
Uiy — Uiri)2y Ax Ax
= — — OKy
At Piv1)2 Piv1)2

The surface tension term here is equivalent to (17). Without liquid velocity extrapolation, or if the gas density
is not negligible, then this discretization will be first-order accurate since we had assumed in our derivation
that the free surface was oriented either vertically or horizontally. Now suppose that we keep the liquid veloc-
ity separate from the gas velocity during the calculation of the nonlinear advection terms, and also suppose
that the gas density is negligible, then one can relate the surface tension term to the Dirichlet boundary con-
dition that one would impose for a “one-phase method”.

5.2.2. “One-phase’’ perspective for the surface tension

Here we give the “one-phase” [19,45] derivation of the surface tension term for the inviscid Euler equations.
In contrast to the two-phase case where there were two boundary conditions at the interface, there is only one
condition on pressure at the interface for the one-phase free boundary problem:

pr=p; —ox
The momentum equation in the liquid phase is,
_ llL‘* VpL

At - pt
Suppose we are considering a free surface that passes between cells (i,j) and (i+ 1,j), at the location
(x7/+1 — 0Ax,y;), with liquid on the right and gas on the left (see Fig. 4). Also, denote the gas and liquid pres-
sure on the free surface as p¥ and pF, respectively. Then, discretely, one has,
vpL piL+l _ (pIG _ O'K]) PH&;P;‘ HA‘HK;HI'-/

oL = 0Axp- = 0p" - 0Ky 0p"

uL,n+]
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This latter formulation is equivalent to the former when p© =0 and we assume that gas pressure is spatially
uniform. In other words, our treatment for surface tension corresponds to the treatment in a second-order
“single-phase approach” (see Section A.l1 or [45]). As mentioned by [19], this specification of the pressure
boundary condition is second-order accurate; as opposed to the “ghost-fluid” perspective, we do not have
to make assumptions regarding the orientation of the interface in order to get second-order.

5.3. Height fraction

The “height fraction™ 0,11, [19,28,45] gives the one-dimensional fraction of water between cells (i,/) and
(i+1,j). Fig. 5 gives an illustration of the height fraction. The mixed face-centered density is expressed in
terms of the height fraction. The height fraction 0,1/, is derived from the level set function as follows:

1 ¢ir1; = 0and ¢;; = 0
9i+l/2d’((f)) )0 ) ) ¢,‘+1‘j <0 and qﬁl,’j <0
N -

o 0,y ORETWiSE

The “+” superscript stands for the “positive part:” i.e. a" = max(a,0).
5.4. Semi-implicit viscous solve

An important property of our sharp-interface treatment for the viscous force terms is that resulting solu-
tions of our two-phase algorithm approach solutions of the one-phase algorithm in the limit of zero gas den-
sity and zero gas viscosity (i.e. in the limit, in which the gas pressure is treated as spatially uniform).

The viscous force terms, &}, and #};, appear in the discretized Navier-Stokes equations as shown below,
U, - U" | &+ 9"
ij ij o 2 i 2 2

% is a second-order discretization of the viscous force term, V - 2uD. In two dimensions, the rate of deforma-
tion tensor D is given by,

3] =5/8

-0
Gas e1-1/2,j+1 I+ 172,41
H A

==

i i i i
i i i i+1/2,j
0i j=+
1
10 =5/8
i i i i-1/2,]
| I I

&= O == O =+ O <=

—=

N
Water

Fig. 5. Illustration of the face-centered height fraction, 0;+1/5 ;, 0; j+1/2-
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s 0

In previous work [50], we found the rate of deformation tensor D at cell faces and used a finite volume dis-
cretization to approximate V - 2uD. In other words, in previous work we had,

2pi1/2,(1) i1 2= 21172, ()12, + Hij1)2(yF0x); 1 p—Hij1/2(y+0x); ;-1
(V-2uD), ~ A o
J His1/2,jCyt0e) iy o= Him1/2, (W 0x)is1 2y + 2512 (0)i 12— 21 j-12(00)ijo1 2
Ax Ay

For a sharp interface method based on the finite volume discretization, the viscosity at a face is given by
[26,28],

My Or1/2 = 1
U 9i+1 /2 = 0

Hitvi25 =9 0o U =0and 0 < 9,-+1/2J' <1
Hal, otherwise

16012+t (1=0i41/2,5)

Unfortunately, with the above discretization for the viscosity term, the “two-phase” method does not corre-
spond to the “‘single-phase” method (Section A.1) when ug = 0. This is because velocities in gas cells could be
accidentally included in the discretization of the coupling terms in liquid cells, even if ug = 0. Fig. 6 gives an
illustration of how gas velocities can be accidentally included in the discretization of the coupling terms (the
term (uvy), in the first equation and the term (uu,), in the second). Therefore, we use the following “node
based” discretization instead of the preceding finite volume discretization:

0(2puaix) Ou(uy+vy))
( o )ii+( éy )ij

Oy +ox) a(2py)
ij ij

(V : 2HD)U =

where

o0(2puy)
<T ~ (2lui+1/24j+1/2(ux)i+l/2,j+1/2 - 2:“1‘—1/2<j+1/2(ux)i—l/zj+l/2
ij

+ 2#i+1/24j71/2(”x);+1/24j71/z - 2:“1'71/2,j71/2(ux)i—1/2,j—1/2)/(ZAX)

(1+1/2,j+1/2)
n — Gas
5 1B O us0

/

IS
B

ot
ot | ofj

O.l.

Liquid
Fig. 6. Illustration of how the gas velocity at cell (i + 1,/ + 1) is inadvertently included in the calculation of the coupling terms when
ug = 0 and when the viscosity coefficient is given at the cell faces, pi;+1/5, etc. The + and — signs refer to the sign of the level set function.

In this scenario, all the face centered coefficients are equal to the liquid viscosity coefficient. If the viscosity coefficient is given at the nodes,
and if pug = 0, then p;11/2;+1/2 = 0 and the gas velocity at (i +- 1, + 1) will not be included in the calculation of the viscous coupling terms.
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<6(,u(t%7;rvx))> y ~ (:“i+1/2,j+1/2(“y + Ux)i+l/2,j+l/2 - Hf+1/2,j—1/2(”y + vx)i+1/24j—1/2
+ W12 12 (0 + Ux),-,l/zﬁl/z — Wiy o1y + Ux)i—l/z,j—1/2) /(2AJ/)

<W> ; ~ (:“i+1/2,j+1/2(”y +00) 120172 — Hictjagat2(Uy + 001041
i 2g-1 20Uy + V)0 10 — B2ty + Ux)i—l/2,j—1/2) /(ZAX)

(2

3y ) ~ (2Mi+1/2,j+1/2(Uy)i+1/z,j+1/z - 2:“1'+1/24j—1/2(vy)i+l/2,j—l/2
ij

+ 2.%;1/2#1/2(Uy),;l/zﬁl/z - 2.“;-71/24“;71/2(Uy),;l/zfl/z)/(2A)’)

The viscosity at a node is given by

My, Oi1/2512 =1
Hg Oiv1/25112 =0
Hiv127412= 3 g =0and 0 < 0;y1/0;1/2 < 1
fal otherwise

160512012t (1=0ip1/2,j51/2)
where 0;11/2+1/2 15 a “node fraction” defined as,
1 Gi1; 20, ¢;; 20, ¢,y 2 0and ¢y ;4 =20
Oii1/2012(¢) = 0 $i1; <0, ¢, <0, ¢,y <0and ¢y, <0

+ + + 1t
i+11/+¢i1/+1 +¢i,j+¢i+l,/'+l

herwi
Feet) ot [T b ] Otherwise

The “+” superscript stands for the “positive part:” i.e. a* = max(a,0).
The components of the deformation tensor, e.g. (uy);+1/2+1/2, are calculated using standard central differ-
encing, i.e.

Uil Uiy — Ui — Uiy
(ux)i+1/2,j+l/2 = Ax

The resulting linear system (21) for U* is solved using the standard multigrid method.
Remarks:

e Our discretization of the viscous forces are second-order accurate away from the gas-liquid interface, but
only first-order accurate at the gas-liquid interface. We observe first-order accuracy whether we are imple-
menting our semi-implicit viscous solver as a part of the “single-phase’ algorithm or as a part of the “two-
phase” algorithm. Only in places where the free surface is aligned exactly with grid boundaries would our
discretization be second-order accurate.

o Our proposed discretization of the node fraction, 0,15 ;+1/2, is not necessarily the only possible choice. The
critical property that any discretization technique for the node fraction must have, is that 0,115 jr1o <1if
any of the surrounding level set values are negative.

5.5. Projection step

In this section, we provide the pertinent details for the discretization of the projection step found in Eq.
(16),

v.YP_v.y (22)
p

_Vp
p

U= (23)
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Egs. (22) and (23) are discretized as

. GradP .
Div—27 _ piyy (24)
p
and
U—v_ Grad P
I
respectively. Div is the discrete divergence operator defined by
. Uip12j — Ui-1)2  Vijr1/2 — Vij-1)2
DivV).. = 25
(DivF), A + Ay ; (25)

and Grad represents the discrete gradient operator,
__Pin1j — Dij

(Gradp)m/z‘j = (26)
(Gradp), .y s = (7)
so that (24) becomes,
Piy1,;—Pij Pij—Pi-1, Pij+1—Pij Pij—Pij-1
Pit1/2,j A;Z Pi-1/2 + Pij+1/2 A;Z Pij-12 DivV
The face centered density is defined by
Piv1)2j = pL0i+1/2J + pa(l — 9i+1/2‘j) (28)

where the discretization of the height fraction, 0;/, ;, is given in Section 5.3.
At impenetrable boundaries, we give the Neumann boundary condition,

Vp-n=0

and we also modify V to satisfy,
V-n=0

At outflow boundaries, we give the Dirichlet boundary condition,
p=20

Le. if the top wall is outflow, then we have p,; | = —p;; .
The resulting discretized pressure equation, (24), is solved for p using the multigrid preconditioned conju-
gate gradient method [52].

Remark:

o In the limit as pg approaches zero, one recovers the second-order projection step described in [45]. In other
words, in the limit of zero gas density, one recovers the second-order discretization of Dirichlet boundary
conditions at the free surface. The discretization, using the height fractions 0,1/, , corresponds to the sec-
ond-order method described by [19] (in the zero gas density limit).

e By storing the velocity field at the cell faces and the pressure at the cell centers, we avoid the “checker-
board” instability while maintaining a discretely divergence free velocity field.

e We construct a temporary cell centered velocity field for calculating the advection and diffusion terms. Since
at each timestep we interpolate the advective and diffusive forces from cell centers to cell faces in prepara-
tion for the next projection step, we avoid unnecessary numerical diffusion that would occur if we had inter-
polated the velocity itself from cell centers to cell faces.
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5.6. Extrapolation of MAC velocities

The liquid velocity u},, , ; is extended in a small “narrow band” about the zero level set of the level set func-
tion ¢. Extension velocities are needed on gas faces (i + 1/2,)) that satisfy ¢;; <0 and ¢;11,;<0. We describe
the initialization of u%, 12, below; the case for vk 112 follows similarly. The extension procedure is very similar
to that described in [45], except that (1) we choose an alternate, more stable, method for constructing our sec-
ond-order linear interpolant and (2) we do not project the extended velocity field; in lieu of projecting the
extended velocity field, we instead discretize the volume of fluid Eq. (6) in conservation form.

The steps for our liquid velocity extrapolation procedure are:

1. For each point where ¢+ ;<0 and ¢; ;<0 and (1/2)(¢; + ¢i+1,;) > —KAx, we already know the corre-
sponding closest point on the interface Xgiosest, i+1/2,; = (1/2)(Xciosest, 7 T Xclosest, i+1,)- The closest point on
the interface has already been calculated during the CLSVOF reinitialization step (details found in [45], also
see Fig. 1) since the distance at a gas cell x;; is,

d= _|xij - xclosest,ijl

2. Construct a 7 x 7 stencil for u;,1/,_; about the point Xgjosest, i+1/2,/- A point Xy, in the stencil is tagged as
“valid” if ¢, ; = 0 or ¢, = 0. A diagram of how this 7 x 7 stencil is created for extending the horizontal
velocity ufff;‘zd] is shown in Fig. 7. Please see Fig. 8 for a diagram portraying the 7 x 7 stencil used for con-
structing the vertical extension velocities vf"‘f‘l‘%

3. Determine the valid cell (" + 1/2,/™") in the 7 x 7 stencil that is closest t0 Xciosest, i+1/2.)-

4. Determine the slopes A« and A u. In the x direction, investigate the forward differences,
Axu = ui/+3/2jcm - ui/+1/2Jcril

where (i + 3/2,;) and (i’ + 1/2,/°") are valid cells in the 7 x 7 stencil. In the y direction, investigate the
forward differences,
Ayu = ulcrit+1/2J/+1 - u,-cmﬂ/zd-/

where (" + 1/2,j' + 1) and (" + 1/2,;') are valid cells in the 7 x 7 stencil.If any of the differences change
sign in the x(y) direction, then the slope, A u(A,u) is zero, otherwise the slope is taken to be the quantity
A, u(Au) that has the minimum magnitude.

phi<0)|

Fig. 7. Diagram hi-lighting the valid points in the 7 x 7 stencil used for constructing the horizontal extension velocities.
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phi<0)

Fig. 8. Diagram hi-lighting the valid points in the 7 x 7 stencil used for constructing the vertical extension velocities.

5. Construct
ST = (A = ) 4 () = ) + iy o
5.7. Timestep

The timestep Af at time ¢” is determined by restrictions due to the CFL condition, surface tension, and
gravity:

|1 Ax 1 L 1 2Ax
A< min | 5 15 g g ———
Y U] o | + \/|u|” + 4gAx
The stability condition regarding gravity was determined “heuristically”’ in which we have the inequality,
(u+ Atg)At < Ax
The stability condition for surface tension is taken from [9,18]. Other references regarding stability conditions
for incompressible flow are [2,31].

6. Results

In this section we test the accuracy of our numerical algorithm. In a few cases, we shall compare our sharp
interface approach to the “semi-implicit ghost-fluid” approach. Also, we shall compare our two-phase sharp
interface approach to our “one-phase sharp” interface method. In cases where the exact solution is unknown,
we calculate the error by comparing the solutions on successively refined grids. The error in interface position
is measured as

Fuon = [ [H(g0) ~ H(g)d 29)

where ¢¢and ¢ correspond to the solutions using the fine resolution and coarse resolution grids, respectively.
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The “average” error in liquid velocity is measured as (for 3d-axisymmetric problems),

Eftia= > \/ (ur iy — teij)” + (Vs — Vo) rilArAz (30)

ij,p>0

The “maximum” error in liquid velocity is measured as,

. 2 2
Efiqua = max \/ (uri; — o)™ + (e — Veyj) (31)

6.1. Parasitic currents

In this section we test our implementation of surface tension for the problem of a static two-dimensional
(2d) drop with diameter D. We assume the density ratio and viscosity ratio are both one for this problem. The
exact solution for such a problem is that the velocity u is identically zero. If we scale the Navier—Stokes equa-
tions by the time scale 7= Du/o, and by the velocity scale U = o/, then the non-dimensionalized Navier—
Stokes equations become,

D
2 _Up+ ORAu— OWKVH
Dt
where the Ohnesorge number O/ is defined as,
_ K
vopD

We investigate the maximum velocity of our numerical method for varying grid resolutions at the dimension-
less time 7 = 250. The dimensions of our computational grid are 5/2 x 5/2 with periodic boundary conditions
at the left and right boundaries and reflecting boundary conditions at the top and bottom boundaries. A drop
with unit diameter is initially located at the center of our domain (5/4,5/4). Our tolerance for the pressure sol-
ver and viscous solver is 1.0E — 12 (the error is measured as an absolute error and is the L* norm of the resid-
ual). In Table 1 we display results of our grid refinement study for 1/0h* = 12,000. Our results indicate at least
second-order convergence. These results are comparable to those in [35] where a front tracking method was
used to represent the interface. Our results are also comparable to recent work by [18] in which a height frac-
tion approach for surface tension was tested.

6.2. Surface tension driven (zero gravity) drop oscillations

In this section, we perform a grid refinement study for the problem of surface tension driven drop oscilla-
tions. In the previous example with parasitic currents, the density ratio was 1:1 and the viscosity ratio was 1:1;
in this example, the density ratio is 1000:1 and the viscosity ratio is 1000:1.

According to the linearized results derived by Lamb [27, Section 275], the position of the drop interface is

R(0,t) = a + €P,(cos(0)) sin(w,t + 1/2)
where

) an(n— D+ 1)(n+2)

" a*(p;(n+1) + pyn)
Table 1
Convergence study for static droplet with surface tension (parasitic currents test)
Ax Maximum velocity
2.5/16 73E —4
2.5/32 45E-6
2.5/64 5.5E -8

Maximum velocity at ¢ = 250 is shown. Oh* = 1/12000.
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and P, is the Legendre polynomial of order n. 6 runs between 0 and 2n, where 6 = 0 corresponds to r = 0 and
z = a. If viscosity is present, Lamb [27, Section 355] found that the amplitude is proportional to e ", where

2
apr

T @i - 1)

We compute the evolution of a drop witha =1, g =0, up = 1/50, u/ug = 1000, ¢ = 1/2, py. = 1 and p/pg =
1000. The initial interface is given by R(0,0), with € = 0.05 and n = 2. With these parameters we find w, = 2.0
and 7 = 5.0. The fluid domain is Q = {(r,2)|0 < r < 1.5 and 0 < z < 1.5} and we compute on grid sizes ranging
from 32 x 32 to 128 x 128. The time step for each respective grid size ranges from 0.0007 to 0.000175. Sym-
metric boundary conditions are imposed at »r =0 and z = 0.

In Table 2, we display the relative error between succeeding resolutions for the minor amplitude R (0, 7) of

the droplet. The average error £y ;4. 15 given by

35
E:/rﬁplitude = /0 |RAX(Oa t) - RZAr(Ov t)| dz

. . max o
and the maximum amplitude error E}[7 ;e 18 given by
max —
EAmplitude = 0132(5 |RAX(0> t) - RZA’C(Ov t)|

In Fig. 9, we plot the minor amplitude versus time for the three different grid resolutions.

Table 2
Convergence study for zero gravity drop oscillations ¢ = 1/2, uy = 1/50, u/ug = 1000, py/pG = 1000 and o =2
Ar EaA"riplitude E K‘?ri(plitude
3/64 N/A N/A
3/128 0.00076 0.00172
3/256 0.00021 0.00057

-0.95 T

"major32" ——

"majoré4" -------

-0.96 "major128" - b

-0.97
-0.98

-0.99

amplitude

0 0.5 1 1.5 2 25 3 3.5
time

Fig. 9. Perturbation in minor amplitude for zero gravity drop oscillations (two-phase sharp interface method). pp = 1/50, y = 1/2, density
ratio 1000:1, viscosity ratio 1000:1.
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6.3. Standing wave problem

For the standing wave problem, the free surface at = 0 is described by the equation
y=(1/4) + ecos(2mx)

where € = 0.025. The gravitational force is g = 2n. We assume inviscid flow, u; = ug = 0, and the density ratio
is 1000, pr. = 1, pr/pg = 1000. The computational domain is a 1/2 by 1/2 box with symmetric boundary con-
ditions at x = 0 and x = 1/2 and solid wall boundary conditions at y = 0. In Fig. 10 we compare the amplitude
(at x = 0) for 4 different grid resolutions: Ax = 1/64, Ax = 1/128, Ax = 1/256 and Ax = 1/512. The timestep
for each case is At = 0.02, At =0.01, At =0.005 and Ar = 0.0025.

In Table 3, we show the relative error between the 4 graphs (0 < ¢ < 10). In Table 4, we provide the percent
error for the maximum mass fluctuation for the time interval 0 < 7 < 10,

max 100 |mass(¢) — mass(0)]
0<i<10 mass(0)

In Fig. 11, we compare our proposed ‘“two-phase” sharp interface method to the corresponding ‘“‘one-
phase” method described in Section A.l. They are almost identical, which is expected since our two-phase
sharp interface approach becomes the one-phase approach in the limit of zero gas density pg and zero gas vis-
cosity pug. Also in the same figure, we study the difference between our sharp interface approach with/without

0.04

J'majorSZ"—
"majoré4"- -
"major128"--------
0.031 ) "major256"
/
A
0.02 ]
g 001 ‘ 1
2
=
1S
@ ok |
-0.01 E
-0.02 - y .
Vv
-0.03 L L L L
0 2 4 6 8 10

time

Fig. 10. Amplitude for inviscid standing wave problem. Density ratio 1000:1 (two-phase sharp interface method).

Table 3
Convergence study: relative error between coarse grid computations with cell size Ax,q,rse and fine grid computations with cell size Axgpe
for amplitude at x = 0 for standing wave problem

AXcoarse AXfine Maximum error Average error
1/64 1/128 24E -3 6.2E — 4
1/128 1/256 6.5E — 4 1.5E — 4
1/256 1/512 28E —4 49E -5

Relative error measured for the period 0 < 7 < 10. The physical domain size is 1/2 x 1/2. Ax is the mesh spacing which is ﬁ where 7, is the
number of cells in the x direction. For all our tests, Ax = Ay.



M. Sussman et al. | Journal of Computational Physics 221 (2007) 469-505 489

Table 4

Convergence study: maximum mass fluctuation error measured as a percent of the initial mass

Ax Mass error (%)
1/32 0.078

1/64 0.030

1/128 0.015

1/256 0.007

Mass error measured for the period 0 < 7 < 10. The physical domain size is 1/2 x 1/2. Ax is the mesh spacing which is ﬁ where n, is the
number of cells in the x direction. For all our tests, Ax = Ay.

0.04 -
"major256" ——
"major256_singlephase" -------
"major256_ghostfluid" --------

0.03 A i

amplitude

001 SR TN O 0 O O O ¢

-0.02} ) ] : :

-0.03 L L L L
0
time

Fig. 11. Comparison of two-phase sharp interface method with “‘single-phase” method and “‘semi-implicit ghost-fluid”” method. Density
ratio 1000:1.

liquid velocity extrapolation (Step 6 in Section 4). Without liquid velocity extrapolation (a.k.a. the “semi-impli-
cit ghost-fluid”” approach), the results do not converge nearly as rapidly as with velocity extrapolation. The “no
extrapolation” results with Ax = 1/512 are more poorly resolved than the Ax = 1/64 results corresponding to
our sharp-interface approach with liquid velocity extrapolation.

We remark that in (3), we see that the order of accuracy is 1.6 on the finest resolution grids. The order is not
2 since our method is designed to approach a second-order method as p© approaches zero. In this test, we
believe that the error is so small, that the value of p© is big enough to make itself the dominant contribution
to the error. One can also look at p© as being analogous to the cutoff used for 0 in the second-order discret-
ization of the poisson equation on irregular domains [19].

6.4. Traveling wave problem

In [56], experiments were conducted in which traveling waves were generated from wind. In this section we
investigate the performance of our numerical algorithm for simulating traveling waves in the presence of wind.
We shall validate our algorithm by way of a grid refinement test. We shall also compare results of our new
algorithm to those results prod